Lecture Notes for 10/17/2023

5.2 Subspaces (continued)

5.3 Coordinatization

Remaining topic for Section 5.2: if a subspace is the span of vectors vy, v,
<oy Vi, how do we find a basis (and the dimension) for this subspace?

Standard basis for a general vector space such as R,,x, or P,.

iy

Example 1. A standard basis for Py is {1, z, 2%}, or {22, z,1}. The coordi-
- -3
nate vector of —3 + 4z — 7x? is | 4 |, but under the
=7
-7 .

basis {z?,z,1}is | 4

) | 2
-3 4X/> | ¢ X 2K

The coordinate vector under a given basis.

1 0 0
Example 2. A standard basis for R3 is {|0|, |1], [0|} of R®. The co-
0 0 1
el
ordinate vector of v = is the same as itself under the standard basis
since
0 0 2
—411 —_2 0l = |—-4
o 1 -2
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Example 3. A standard basis for Ry is { [0 0] , [0 0

il

0 0
1 0

i

What is the coordinate vector of [ 0 nder this basis?
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What if we choose {{O O]’[l 0},[0 O}’[O 1]}t0 be the standard

basis? —_—
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Quiz Question 1. What is the coordinate vector of 2 — x 4+ 422 — 723 under

the basis {23, 22, 2,1} of P3? _—
SR L R
2 ~7 —7a3
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Quiz Question 2. What is the coordinate vector [v]z of v

—_—

the basis -
B— 1 0 0 1 0 0 0 0
110 01’10 O]’f1 oOf’|0 1
-3 2 2
2 — 2 -3 -3
A. [4 7 I B N C. 7 | D. 4
7 4 7
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Being able to write out the coordinate vector of a vector under a standard

basis can help us to solve the remaining question of Section 5.2: if a subspace is

the span of vectors vy, va, ..., Vi, how do we find a basis (and the dimension)

for this subspace? lg
ws's
{//\L/ 4
xample 4. Let W be t Spac Ps wittra spanning set consisting of
1— 32+ 22%,)2 — 62 + 222, 2+ 222 + 2% Jand 1 — z 2 4+ 243, Find a basis for
etermine the dimension o .

The coordinate vectors of the spanning set under the standard basis {1, z, 2%, 23}

are Te—————
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the subspace of Royo that is spanned by the vectors
@ O 0 _1 . Find a basis of W and the dimension
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Quiz Question 3. Let W be the subspace of P, with a spanning set consisting
of 1 —3x 422, 2 — 6z + 227, -1+ 2+ 22% 1 — 2 +42” and 3+ 2% In order to
find a basis for W and to determine the dimension of W, we need to perform
the Gaussian elimination method on which of the following matrices?

o, X
1
1 2 -1 1 3 1 2 -1 1 3 2
A.|l-3 -6 1 -1 0|; B.[|-3x —6x 1z -1z 0]; C.|-1
1 2 2 4 1 22 202 222 dx? a2 1
3

D. I have no idea what is the Gaussian elimination method.
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Coming back to the coordinate vector question. We did that using a standard
basis, and that was pretty easy (and useful). But what if we do not have a
standard basis (remember life is not always easy)? For example, we know that

17 o] [o ¢ o o
B:{V17V27V3}: 0 ) 1 ) -1 ‘ —
0 1 1 \ G /

is also a basis for R, so we can also ask what is the coordinate vector of
2

v = | —4| under this basis B? [Vl B =1

-2
\————
Answer: F o \ o 0
[v]s = |-3 { v { | I -
- 1
L J _B O / ’ ’ l
Since -
1 0 0 2
2100 =3 |1| + |-1| = |4
10 1 [1] [-2
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How do you find [v]g? If [v]g = |az2|, it means
as B

1 0 0
a1 |0 +as |1| +a3 |—1| =
-0 1| 1

So we are solving the equation syste
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can be solved as
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al =10 1 -1 —4201/21/2—42—3
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Similarly, if we know that B = {vi,va,v3} = {1 — 2,2 + 2% 2r — 2%} is a
basis for Ps, then how do we find the coordinate vector of v = 1+ 9z + 22 under

i is? * :
this basis? [+9%+ % :Ql(\»x)_\.mz(y-r)(z\-\‘ st(zx—x)

ai
Again, keep in mind that the coord}i_nate vector [v]p = |az| means
| / Y, X as
!

“ 2y, 3 2 2
a1v1 +agva +azvy =a1(l —z) +as(x +2°) + az(2z —2*) =14+ 92+«

It is most helpful if we translate the above equation using the cogrdinate vectors
under a standard basis, for example {1, x, z?}.

[ ¢

| ° o
1 0 0 1 - _ 2
ar |—1| +as |1| +a3 | 2 | =19]. M.B { '
0 1 -1l | o [~
\%
l \
Solving it you should get v = V\ . -
! lg /_\6 Y 2
Vs = |4] . C\&
3 |

You can verify that 1(1 — z) + 4(x + 2%) + 3(2z — 2?) = 1 + 9z + 2%

In general, finding [v]g is just solving the equation
V=a1V]+agvy+ -+ apvg

where B = {v1, va, ..., v} }. Once we replace each vector in the equation by their
corresponding coordinate vector under a standard basis, it becomes a standard
linear equation system.
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Quiz Question 4. Given that

is a basis for Ps, in order to find [v]g

B={1-2x+3z% 23 222 + 23 3+ 22 x + 423}
——— . — — —

aq
a2
as
Qg4

for v.=1— 2+ 222 + 523, which

equation below will lead to the correct answer?

A. Huh? I don’t believe there is such an equation.

B. a1

C. a1

. ap

+a3

+ as

+ as

+ as

“+ ay

+ ag
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