Lecture Notes for 11/2/2023

6.1 Linear transformations between Euclidean spaces

e A transformation T from R” to R* is similar to a special linear function
from R to R.

Examples of functions from R"™ to R*
f(x) =2% - 22+ 1 for any x € R;
J(2)=2
R'— I

o =] -3z -2 () 1

= gte+) T 1b
{ \fxl,xQ = bx1wy + 23 — 4 for any v € R and 25 € R
Japomes e Tl 7

2 |
R™ —> R,
)" '

f(z) = bay— Lffor/any = € R;

SOy
= S (Ox*Y )|

= S‘x*£7~\
—8z fof any x € R; 9

}(i%m ~ 59

Sx=1 X S Y-

However when the domain is no longer R, we change the name from “func
tion” to “transformation” and use the notation T instead of f

3x

23
T(x) = 1 for any =z € R;
2z +1

‘Q‘ _— VQlF
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) — R

!

I Z1
| 2x1 + 322 3
T To = {—5102 _’_4%3} for any |zo| € R°.
xs3 €3
S —
Z
222
T 1 - T —1$2 //QZ __/> IR #
x| ) 2x122 '

sin(z1) cos(xz)

In general, for each x € R", T'(x) is a unique vector in R*¥. R™ is called the
domain of T and R™ is called the codomain of T'. It’s general form is

1 fi(zr,za, .y xyn) " 1<
- 1':2 _ fg(xl,;v:g,...,mn) }ﬂ P VR
Tn fe(z1, 2o, .., zp)
where each of f1(z1,22,...,Zn), -\, fk(mfunction from R” to R.

As we are in linear algebra, we are only interested in the “linear transforma-
tions”. Conceptually, this means transformations that will take a vector space
(including the subspaces) to a vector space such that the structure of the vector
space is preserved.

o T : R* — RF is called a linear transformation if it satisfies the following
two conditions: n i<
- —> IR

{ 1. For any x, y ER”@: Tx)+T(y); —
N e ¢ O

2. For any scalar ¢ € R and any x € R", T'(¢x) = ¢T'(x).

—

Take n = 2 as an example.

SR = F X gouﬂz &( Xty )
= 9 x t3y = o £ fony
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Examples.

. R2 2 il I
T: R? — R? defined bquxzD - [23:1 +x2}

T2 =T([0])
= e [ = ()

ZXI 1-><1
f\
X1T2
T : R? — R3 defined byT({“D =1 0
xro x%

NO'EXMQD(Q: [‘\ , LZ]

Cx; ~2C %o

2(:X‘ F* X4

|

Is there a simple(“rule of thumb”/ that we can use to detect whether a

transformation is linear? The answer is yes.
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Here is the rule: in order for

1 fl(l‘l,iL‘g,...,mn)
T2 fa(z1, @2, .0y 20)
T =
T fe(z1, o, .y 2p)
to be a linear transformation, each of fi(x1, 29, ..., Tn), .oy fu(T1, T2, ..., ) must
be a linear combination of x1, xs, ..., Tp.
2K - X2ty Xy = 6
Examples. e
1 2x1 — 9 + 42
T: R — R2isdefined by T [ |zo| | = |72 P2 T *0E 6
r 7:E1+2l‘3 pd ‘2
3

2(E1 — T9 + 4.%3

Notice that in this case
—x1 + 223

} can be expressed in terms of matrix

multiplication {_21 _01 ;l] 2o |, hence T is a linear transformation with the
2 -1 4 ¢ 7l
- | w2 ]rn
matrix {1 0 2] , therefore we can write - o
& A
t ™)
) =2 -t 9. 5[2X
xI9 = _1 0 9 o .
Z3 Z3

We say that T is a linear transformation with the matrix [ 2 -1 4].

() -[aids) we
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Quiz Question 1. Which of the following is a linear transformation?

) = T1T2X3;

1 1 + 4w —x3 + 1
B.T: R?® — R3 is defined by T | |22 = |—21+29—323+2

x1
T2

A T: R3—>RisdeﬁnedbyT(

€3

I3 0
" —4xq 4 Sxo
C.T: R? — R? is defined byT(Lﬁ}) = |31 —215 | = A X
> T+ X2
R

0
D.T: R — R? is defined by T(x;) = [ 1 ]
21‘1

TXtY) = TOO T (Y)
qu = AX ' ' I

AOEY) = AX + Ay
T(Cﬂ :A(CX\ =c AXx = <TG

[

Vi, \, / \‘,/\/K

-
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Why the “rule of thumb” given above works? That is because we have the

following theorem. T (X\) - A X

Theorem 6.1.1. If T : R™ — R is a linear transformation, then there
exists a matrix A of size k x n such that for any x € R", T'(x) = Ax. That is, a
linear transformation is always in the form of a matrix transformation. In fact,
if we let {e1,eq,...,e,} be the standard basis of R™, then the columns of A are
exactly T'(e1), T'(e2), ..., T(ex).

(e

For example, if

1 4 0 1 0 0
T 0 =|-2|,T 1 =\1|,T 0 =11},
0 3 0 -2 1 2
then o
X 4 1 0 I
T To =1-2 1 1] |x9
X3 3 -2 2 I3
JEs . ) ,
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a linear transformation and

Question 2. If T: R2 — R? is

Quiz

then the matrix of T is

Axlﬂ_/_7\|_\00\|.
. — ¢ _J O m
() r :rlL
Ve )
~~ N
\\J\Oﬂl\_,\\lv

— s 9 —
o —
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But why Theorem 6.1.1 is true? Here is an explanation.

Given a vector

1 &1 0 0
2 0 To 0
T|]. =T + ot
T
A [0
0
_1
0
0
1
—_—
= x1T(e1) +x2T(e2) + -+ x,T(ey)
W
= Ax
. A=(Tley, -+, Tl )
1)
where x =
Ty
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Quiz Question 3. Given that T is a linear transformation and that

r(b) =[] ()=

\____,-

/ -2
A K 2] T =AX

—
~ W
[ —
I

IQ‘A/% _1;@_/
T(LDh=[o], T D=1 ]
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Moo e R T T

We can find the matrix A of T if the explicit formula for T" is written out,
or if we know T'(e1), ..., T(e,) for the standard basis {ej,es,...,e,}. What if
we only know T'(by), ..., T'(by,) for a non-standard basis B = {by, ba,...,b,}?

Example. If T : R? — R? is a linear transformation and 7' ([_3}) = F] ,

T([_54D = :FQ:J,that is the matrix of T'? 6:{ [‘:L [‘gl } CZ; g(:;l

’

We want to know T'(e;) and T'(ez) since A = (T'(e1),T(e2)). But we only 2
know T ({_43 > and T ({;ﬂ) in this example. However, B = { {_43 , _54} } [’l :( }

is a basis for R?, so e; and es are linear combinations of by, bs. So how do
we find the combination coefficients? Recall these coefficients are exactly the
coordinate vectors of e; and es under the basis B = {b1,bs}. So

P ———__

0 -3 —4
Thismeansthate15{4} 4[5],8,0

T(e1) = 5T [3} ) — 4T ( [4] ) =

e

Similarly,

In general, if we let C' be the matrix with columns T'(by), ..., T'(b,,) and Mg
be the matrix with columns by, ..., b,, then the matrix A of T is simply C’MB_l.

10
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Quiz Question 4. Given that B = {B} , [;j} is a basis for R? and T is a
linear transformation from R? to R? such that M. = [ 3 4 1

() R R ()

o) il clex(Mg) = |

Find the matrix A of T, that is, T <[$1]> =A [ml] VV\‘\ = ( > =4 ]
xT9 % -
)

SCR N R E

o |

8
¥

—_—

11
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