Lecture Notes for 9/12/2023

3.1 Introduction to determinants
3.2 Cofactor expansions

Important: The concept of determinants only
applies to square matrices. Non-square matrices
do not have determinants.

Determinant notations: det(A), det [CCL Z],

a b \
c d

The determinant of a 2 x 2 matrix [a b] is ad — be
c d —

Example 1. A = [ ] then det(A) = ‘_24 2‘ =
(—4) x 5 — (8) x (2) = —20 — 16 = —36.
2 x

Example 2. Let A =

that det(A) = 0.
'l

_a 6]’ find the value of x so
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a b d —b
If A= [c d} then A~! detl(A) [—c . ] , under the

condition that det(A) = ad — be # 0.
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What if A is a 3 x 3 matrix?

3 =2 0
Example 3. A= 1|5 1 —4
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Quiz Question 1. Find the determinant of A = | 7
—8
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What if A is a 4 x 4 matrix?
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We now define the cofactors Cj; to be M;; if ¢ + j is
even, and Cj; to be —M;; if ¢ + j is odd. Examples:
Cii = Mn, Coyg = =M, Cyy = —My;. I'h
expressed using a single formula C;; = (—1)"*7M,;.

This can be
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Quiz Question 2. If A = [ , what is Cy3?

A 2 B. -2 C.3

Noy= | D=2 -eth)=2
5 ¢ 2
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Steps to compute det(A) if A has size 4 x 4:

Step 1. Choose any row or any column. Say the third
row in the example below.

Step 2. For each entry in that row, multiply it with
its corresponding cofactor.

Step 3. Summing over the results in Step 2.

Example: A =

Say we choose the third row for the cofactor expansion.
We have

az1 = —1, azo =1, az3 = 0, azs = 2 and
—4 0 5
031:M31: -3 4 0 :—76, ~\ - O\Sf
2 —4 6| T
-2 0 5
032=—M32=— 7 4 0 2188, \ = O\BZ
0 —4 6
-2 4 5
Cy3=My3=1|T7 -3 0| =062, O = 0\;§ -
0O 2 ©
-2 4 0
034:—M34:— 7 -3 4 = —8, O\;%t Z
0 2 —4

so det(A) = a31C31 + a32C32 + a33C33+ a34C34 = (—1) -
(—=76) +1-188+0-62+2-(—8) =248
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Quiz Question 3. Given that A has size 4 x 4, a1 = 3,
a9l = 2, asy — —5, ajgr = 2 and 011 = 4, 021 = —2,
031 = O, 041 = —1, ﬁHM)

A 12 B.6 C. 1 D. 18

S b+ 22K CS) o+ 2 (=)
= (2 -4 v
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The above procedure allows us to compute det(A) if
A is 4 x 4. The cofactor expansion procedure can now be
performed on 5 x 5 matrices since we now know how to
compute the determinants of 4 x 4, and so on. At least
in theory, we know how to compute the determinant of
a square matrix of any size. In some special cases, the
computation following this procedure is simple.

For example, if A has size 5 x 5, and we have found
that azy — —2, azp — 0, asy — 3, azq — 1, as; — 0. Now
we would be able to compute Cs1, Cs, Cs3, C34, and Css
since they involve the computation of the determinants
of 4 X 4 matrices. Say after calculation we found that
031 = 1, 032 = 2, 033 = O, 034 == 0, and 035 = —4

then

det(A) = a31C51 + az2Cs2 + a33Cs3 + a3aCsq + a35Cs5



Special case: if A is a triangular matrix.
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Quiz Question 4. Find the determinant of the matrix
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