Lecture Notes for 9/26/2023

3.4 Properties of determinants

Property 3.4.1: How elementary row operations on a square
matrix affect the determinant of the matrix.

Let A be an n x n square matrix and k be any scalar, then the
following statements are true.

(1) If B is obtained from A by performing a row operation of the
form R; <— R;, then det(B) = — det(A).

(2) If B is obtained from A by a row operation of the form kR; —
R;, then det(B) = kdet(A).

(3) If B is obtained from A by performing a row operation of the
form kR; + R; — R;, then det(B) = det(A).

Note 1: The above statements hold true if the row operations are
replaced by column operations. The reason being that the cofactor
expansion formula also applies to columns. The proof outlined next
can be easily modified by replacing rows with columns.

Note 2: We know that the determinant of a triangular matrix is
simply the product of its entries on the diagonal line, so we can use
the above results to calculate the determinant of a matrix by using
row operations to bring the matrix to an echelon form (which would
be triangular since the matrix is square).


Yuanan Diao

Yuanan Diao

Yuanan Diao


Example. Compute the determinant of the following matrix.
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Quiz Question 1. Find the determinant of the matrix
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Some consequences of the properties (1)—(3) and the cofactor
expansion formula.

o If A has a row of 0s or a column of Os, then det(A) = 0;

e If A is a triangular matrix, then det(A) is the multiplication of its
entries on the diagonal line;

e If A has two identical rows or columns, then det(A) = 0;

e If A has two rows or two columns that are scalar multiples of each
other, then det(A) = 0;

2 det(AB) = det(A) det(B) (this actually requires additional proof
by using the elementary matrices);

e The above can be extended to the multiplication of more than two
matrices: det(AjAy--- Ay) = det(A;) det(Ay) - - - det(Ag);

o det(kA) = k™ det(A); (NOT det(kA) = k det(A)!1)

e If A is invertible then det(A) # 0 (and det(A™!) = ﬁ(fl)); 7

- T~

o If det(A) # 0 then A is invertible.

at (A A) = (7=

dor (Ao (A} =



Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao


Examples.

is 5, what

? What about

— £ det(A)

= - (-5 ="3°

2. If A has size 2 x 2 and det(A) = —3, what is det(—4A)?

(5) ) = -4

3. If det(A) = 5, det(B) = 20, what is det(A=>B%)?
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Quiz Question 2. If det(A) = —5 and A has size 3 x 3, then
det(—2A) =

A.10; B. —10; C. —40;
Gl)g- (=€)
~C . (-v )
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Quiz Question 3. Which of the following statements is correct (A
and B are both n x n matrices in these statements)?

A.If AB =0 (the n X n zero matrix), then A =0 or B = 0;
B. If det(A) = det(B), then A = B; [b OJ [ | OJ

O | o b
C. If det(AB) = 0, then det(A) = 0 or det(B) = 0;

D. It is possible that det(A) = 0 when A is invertible.
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The proof of the statements (1)—(3).

(1) Let n x n be the size of A. If we switch two adjacent rows of
A, for example the first two rows of A and let B be the resulting
matrix. By the cofactor expansion and using the first row of A, we
have

det(A) = a11C11 + a12C12 + - - + a1, Chy,

Where Cll = (—1)1+1M11, 012 = (—1)1+2M12, ceey Cln = (_1)1+ann-
Now we use the cofactor expansion and the second row of B, then
we have

det(B) = b2lc£1 + 622052 +---+ bgn én

But byy = aq1, by = i, ..., bay = a1, and Ch = (—1)*T1My; =
—Cll, 052 - (—1>2+2M12 - —012, ceey Cén - (_1)2+nM1n - _Cln-
Thus

det(B) = 621051 + b220§2 +---+ an én
= a11(—Cn) + a12(—Cr2) + - - - + a1,(—Chyp)
= —(anCi + a12C12 + - - + a1,C1p) = — det(A).

The same argument can be used when any two adjacent rows are
switched. If the two rows R, and R; are not adjacent, say there
are k > 1 rows between them, then we can perform 2k + 1 switches
between adjacent rows to achieve the effect of switching just R; and
R;. This causes the determinant to change signs 2k+1 times, which
will still gives us det(B) = — det(A).

e An immediate consequent of the result (1) is that if A has two
identical rows, then det(A) = 0. Why?



(2) Let B be the resulting matrix after the operation kR; — R, is
applied to A. A and B are identical except that the entries of the
J-th row of B are kaji, kajo, ..., kaj,. Let us choose the j-th row
for the cofactor expansion to compute det(A) and det(B). By the
cofactor expansion formula, we have

det(A) = aﬂle + CLjQCjQ + -+ Clanjn.

Because A and B are identical except the j-th row, they share the
same cofactors Cji, ..., Cj,. It follows that

det(B) = (kiaj1)0j1 + (kajz)ng + -+ (k:ajn)Cjn
= k (CLﬂle + CLjQCjQ + -+ (lanjn) = kdet(A)

This proves (2).



(3) Let B be the resulting matrix after the operation kR;+R; — R;
is applied to A. Again A and B are identical except that the entries
of the j-th row of B are ka;i + aj1, ka;1 + aji1, ..., ka;i + aji. Let us
choose the j-th row for the cofactor expansion to compute det(A)
and det(B). By the cofactor expansion formula, we have

det(A) = CLﬂle + CLjQCjQ + -+ Clanjn.
Because A and B are identical except the j-th row, they share the
same cofactors Cji, ..., Cj,. It follows that
det(B) = (kaﬂ + ajl)le + (k’az‘g + ajg)Cjz + -+ (k‘am + ajn>Cjn
= k (CLﬂle + aiQCjQ + -+ CLijn)
+ (010 +apCia+ - 4 a;nCin) -

Because aﬂC’jl + aiQC’jQ + -+ aiann =0 (Why?>, it follows that
det(B) = det(A).
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Quiz Question 4. Given that
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