Lecture Notes for 9/28/2023

3.5 Invertibility and determinants

3.6 Cramer’s rule

Theorem 3.5.1. Let A be a square matrix. Then A is invertible if and only
if det(A) # 0. Furthermore, if A is invertible, then det(A~!) = 1/det(A).
\

Theorem 3.5.4. Let A be an n X n matrix, then the follow statements are
equivalent:

A is invertible;

The reduced row echelon form of A is the identity matrix I,,;
A has n pivot columns (or n pivots, or n pivot positions);
The equation Ax = 0 has only the trivial solution x = 0;
There exists-an—n-x-n matrix C such that CA = I,;

There exists an n x n matrix D such that AD = I,;

The transpose AT of A is invertible;

det(4) 0.

PO NSO

We will be using this result later (many times in fact) so try to read it a few
times to keep it in your memory for a while, it will be handy!
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One more important property of determinants (this is covered in WebWork
and will be covered in the next test):

Let A and B be two n x n matrices that are identical except for one row (or
one column). Say the first row of A and B may be different, that is:

aip a2 - Gip bin b2 - bin
ag1 Q22 - G2p a1 Q22 - G2p
a1 C o : : . : : : . :
( ' \0[ ) t \% an1 an2 Tt Ann an1 An2 tee Apn
—_—

If C is the matrix obtained from A by adding the first row of B to the first row

we, 5100 o -

a2
b\\C\l . s
S u
an2
then det(C) = det(A) + det(B).
a b c a b
Example. If[d_ e f|=4,(2 3 —1|=—7 find 53y 4@;@@
g h i g h»
r ‘/M_J
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=304 —207) =2 404 =26
a b ¢ a b c a b c
Example. If [d e f|=12,|d e f|=-5,find|d e f|.
3 3 3 1 2 3 -3 -4 -5
w b C
B\a e f) =12
| | |
c. b C
3 4 5
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Quiz Question 1. Given that —(t‘ A e ¥ )
-2 3
a b ¢ a b c a b ¢ . b ¢
d e fl=—3and | d e f|=4,find|d e .=
01 4 _  |-2 3 1| _ 1 -5 /Jb§/
o 1 4
A.-11;) B.5 C.1; D.-2. o -
(v >t = s
(!l -7
x(o | a)ty(-z » 1) =& ¢ <)
& T —2Y = gl

N=-2
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Cofactor matrix and adjoint matrix of A:

Let A be an n x n matrix, with C;; being the cofactor of the entry a;; in A.

Then
Cll C112 e Oln
C C’21 022 T C2n
Cnl CnZ e Cnn

is called the cofactor matrix of A and the transpose of it is called the adjoint
matrix of A, denoted by adj(A):

- - Cii Cn

Cia Cao

A C C = aaiy= |7
SO A zda(h) T G o

)\
deit (A7) A

=

The proof of this theorem is given in the book. c

If Ais a4 x 4 matrix such that

2 - 0 1
A= 0 = )g S| da(A )= 2
0 0

2 dor(A)= 2

nd the cofactor matrix of A and use it to

(so det(A) :Q/det(A*I)% 1/2),

find the cofactors Ca3 and’Cuq.

o o o ©
T A 1 -3 -\ ©
% =2 ]

Cn =0 C%L\’é

C;% = 22y =)
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Quiz Question 2. Continue from the last example, where 4 x 4 matrix such
that

-3 0 1
. 1 5 4
A 0 3 -2
0 -2 1
(so det(A) = 1/det(A~1) = 1/2), find the cofactor C4.
Al —1/2; B. 0; C. 1/2; D. 1.
- T T =1
A \ - o c C = &UVLA} A
oex(A) -1 T
[2° 00 C = day)(A)
2 -
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3.6 Cramer’s rule =A b X=A ]b
. . \
de (A7) &
————Theorem 3.6.1. Consider the linear equation syste ith n
iso e X n. Let

IXaY g&létions and n variables, so that the coefficient matrix A

A; be the matrix obtained from A by replacing its j-th column with-b, theni
det(A) # 0, the equation has a unique solution which is given by z; = Cif;t((‘i{))
for 1 <j<n.

‘ X A

X ™2 o
X1 bl
) b2
Note that under this setting A is an n X n matrix, x = and b= | |
det (A) e Ae ) o by
—_—— Ko — — — o -

\ = 2
et (&) dex (A
Example. Find the solution of the equation system
2x1 +5x2o =a, —x1+3x2=">

where a and b are some constant numbers. Express your answer in terms of a

and b. ? *]O‘
2 Y[R
“\ 2 -

Y2 b
A=l(7) dek (A= 645 =1
> 5 S

o chet (AY) =

Aok (AL) = )2
-l b = S - 45 |

— =

b 2

= 2b ”(*Ck} = 60y 2k
= (3o-sb),  %a =on(atah)
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Quiz Question 3. Consider the linear equation system Ax = b with n

equations and n unknowns. If det(A) = 0, then which of the following statement
is always true? I

a. We can still apply Cramer’s rule to solve the equation;

b. The equation is definitely inconsistent;

c. The equation is consistent and has a unique solution;
-

@e equation is either inconsistent, or is consistent with infinitely many
olutioxs.
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Quiz Question 4. Consider the linear equation system Ax = b where

-2 1 X1 0
A= |4 3 Xx= |z2f, b=]| 2 |[.
1 -5 3 17
Given that det(A4) = —19, . />\ \
a. The solution does not exist; c. —2; d. 2/19.
"2 © 0 B ol ot C/’\zv
4 2 \ ’>< 2
| - \_] \ — hex L/AV \
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