Lecture Notes for 9/5/2023

Review: In 2.2 we defined matrix multiplication. A
matrix A,,«, can be multiplied to a matrix B is B has
size n X ¢, and AB has size m x g. Why do we define the
multiplication this way? Here is a reason.

Consider the following linear equation system:
2r1 + bxy — 323+ 24 = by

—x1 + 229 + 43 — 224

31 + 213+ 3x4 = b3

I
S
[\

This equation can be written in the matrix form as

2 5 =3 11| by

12 4 -2 ;:b2

30 2 3 3 bs
Ty

The problem here is that we do not know what are the
values of by, by and b3. However in this example, by, by
and bs are the solution of the following equation system:

by — 3by +4b3 = 3
2b1 + by — by = —T7
3by 4 2by by = 2 [[

which can be written in the matrix form

1 -3 4 b7 3 B
2 1 -1 ball= | =7
3 2 1] |bs 2

How would you solve for x1, x9, x3, 247
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We had observed that in general AB # BA: some-
times BA is not defined even when AB is defined, some-
times AB and BA are both defined but have different
sizes, and even in the case that A and B are both n x n
square matrices so AB and BA are also n X n matrices,
AB and BA are still not equal in general. But other
than this, most rules we know about number multiplica-
tion are actually still true for matrix multiplication:

e A(BC) = (AB)C (Associative property of matrix mul-
tiplication)

e A(B+ C) = AB + AC (Left distributive property)

o (A+ B)C = AC 4+ BC (Right distributive property)
e "(AB) = (rA)B = A(rB) (Associative property of
scalars in matrix multiplication)

o Apnly = L Amsn = A (Identity for matrix multipli-
cation)

In the above I is the identity matrix, for example I, =

1o {1 00
[ ] ,I3= 10 1 0], and so on. Here is an example
01
001

(1 0 0] [-2 3 1] [—2 3 1]

01 0] {7 -4 3| =7 -4 3

0 01 0 5 -8 | 0 5 -8

-2 3 1] [100] [-2 3 1]

7T —4 3 010|=|7 —4 3

0 5 =8| [001 0 5 =8
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CA gyf\ AT B—\

One other important formula: —
e (AB)T = BT AT (transpose of multiplication) /“\ 3y y @ s
—_— ’\—/—/—\
Also, some matrices are more special than the oth- T _
ers, and they deserve to have their own names for easier A )
reference in the future. Here are a few. [NB Sy 1
Square matrices: A,x, (matrices with the same num- —
ber of rows and columns) % \ AT
yy (3
Triangular matrices: ¢ B . i
Y
3 O —
, |0 3| (upper triangular)
00 -
00 O
—-2_0 2 0 0 :
[ ) > ] |0 0o g | (ower triangular)
-2 00 —

Diagonal matrices:

100 0
70 _02_048 000 0
0 5" | 4 o _g| |0009 0

000 -1
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Quiz Question 1. Let A, B and C be square matrices A < B* C >

of the same size n x n. Which of the following statement
regarding matrix multiplication is true? ,
ALB+ coC \

A. A(B—C) = AB — AC;

//\\ = Al /% (—l)[

B.(A+BP = A2+24B+B% [ [i+R)(A+R) \
CUTBA-B =B L

- pl
A4 ABypar(

(AB)(aR) = A (BA)

D. (AB)? = A’B?.

The point of this quiz question: Sometimes a familiar
formula such as (a+b)(a—b) = a® —b* with real numbers
uses the fact ab = ba implicitly, which means we do not

have (A + B)(A — B) = A% — B? for matrices.
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2.4 Inverse of a matrix

Let A be a square matrix. A matrix B is called the
wverse of Aif B has the same size as A and AB = BA =
1.

—

R[]

\[((7&2
o V] |-
O x O —723
10 2 0 1 —-177 | o 2
A=101 -1|,B=1]2 0 1 ol_ﬂ
31 0 11 2 3 10
-3
- NOT
ﬁl/y’;*\*o
100 1 0 0 | o 0©
14210,13—210{2\D
011 2 —11
o 1 |
| © O
- o
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Properties of invertible matrices: =)
(1) If A is invertible, then A~ is unique; éA B> /T/
(2) If A and B are both n x n invertible matrices, then -
(AB)L = BlA™Y A" BT

(3) If A is invertible and k& # 0 is a scalar, then ‘
(kA1 =1A"1 =t 7
(4) If A is invertible, then (AT)™! = (A~1)T. /q g A 8

Proof. (1) Assume that B and C' are both inverses of —
A. Then by definition AB = BA =1 and AC = CA = |
.
I. Multiply both sides of the equation AB = [ by C < (\A) CJQ/Q )

(from left): C'(AB) = CI. The right side is just C'I = C. ~
The left side is (by associativity of matrix multiplication) —

C(AB) = (CA)B =1IB = B. Thus B = C. So we have

shown any two inverse matrices of A must in fact be the

same. So the inverse of A is unique.

(2) By direct verification:
(AB)(B'A™ ) = ABB YA ' =AIA ' =AAT =1
Similarly (B~*A™1)(AB) = 1. So B'A™' = (AB)™L.

(3) By the distribution of scalar multiplication and
matrix multiplication,

1 1
k k
Similarly (;A™')(kA) = I. That is, (kA)™' = +A7".

(kA (A ) = (k) (AA ) =1-T=1.

(4) Taking the transpose on all sides of A™1A = AA™! =
I, weget AL(ATN = (ADHYTAT =TT =1. So (A1) =
(A=H".
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Question: how do we know when a matrix is invertible
and how to find the inverse?

If Aisalx 1 matrix then A = [a], A7t = [a7 ] if
a # 0, otherwise A~! does not exist.

If Ais a2 x 2 matrix, that is, A = [%, then A~ = o — b

m[d _b] if ad —bc # 0. If ad — be = 0, A7 does

—c a
not exist.
For example, if ad ~be = 3 2 =4 C\ZB
o 3 4 = ~\— = |
4 [—2 2] | - 18 j ®O

then /_\
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Quiz Question 2. Which of the following matrices is
NOT invertible?

alydl e
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For a general n x n matrix A with n > 3, how do we
find A=1?

Answer: by using Gauss-Jordan elimination on the
augmented matrix [ A | I | to reduce it to a reduced
echelon form. If the reduced echelon form is I, then the
right side is A™1. Otherwise A~! does not exist.

1 00
Example 1. A= |—-2 1 0
5 3 2
/6_ e
O
Ve v 1o 2R ¥R, 4 R, L
-2 L0 5 { O o ~}3
§ 2 2 00 L )75R 4R, >R,
0
- 3 2
l c b [ O 0
3R, AR R
> o ¢ 2| O


Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao


13 0
Example 2. A= (2 0 —6
01

- ~é (@) -2 O 0

( 2 0 | o O vZ\Q\W{zN?lQl | 3 & 1o
> 0 =b o 1\ ©® I O =L =L )1y
o | o o | O 1 1 o0y
)3 °0 0 D
[— © (] o 0o |
>

10
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Quiz Question 3. Find the inverse matrix of

S~ ™

S — ™

00 1/3

11
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Given a linear equation system Ax = b with A being a
square matrix, then in the case that we know the inverse
of A, the equation system is easy to solve: we multiply A X
A~L (from left) to both sides of the equation: A~1(Ax) = M
A71b. The left side is always A }(Ax) = (A 1A)x =
I -x = x, so the solution of the equation system is simply
x = A7 'b.

For example, if the equation is A X = L@ - A P
) =12] A(A Y= A

! 0} then

—

Xz A

1 2|’
r1| 1. |1 0] =1 |1
== hg 2] = 5]

Notice that we don’t even have to know A in solving

for x. Of course we can find A from A~! if we want to,
but why bother if we only want to find x?

and we know that A~ = [

12
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Quiz Question 4. Assume that A is a 3 X 3 matrix and
we know its inverse matrix is

3 -1 0]
At =10 1 2|. o}
2 0 1 I
| Y= A D
Solve the equation system
_ 3
T 1 _
A To| = 0 . _/[7

1 0
A | 0 |; ; D. |2].
-3 1

13


Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao

Yuanan Diao


